STABILITY, SCALING, AND CHAOS IN PASSIVE-DYNAMIC GAIT MODELS

A Dissertation Presented to the Faculty of the Graduate School of Cornell University in Partial Fulfillment of the Requirements for the Degree of Doctor of Philosophy

by Mariano Sylvio Garcia January 1999

© Mariano Sylvio Garcia 1999 ALL RIGHTS RESERVED

STABILITY, SCALING, AND CHAOS IN PASSIVE-DYNAMIC GAIT MODELS

Mariano Sylvio Garcia, Ph.D.

Cornell University 1999

In this work, we study computer simulations of simple biped models with no actuation except gravity, and no control. These so-called passive-dynamic models of human gait were first studied by McGeer (1989). Computer simulations were also used to construct two kneed walkers for demonstration purposes.

We begin our study with a simple one-parameter walking model, in 2-D, then we move to more general 2-D models with and without knees, and finally we study a 3-D model with no knees. In 2-D, we are most interested in gait efficiency, while in 3-D, we focus on gait stability. We find general rules for the one-parameter model which can be extended to understand the behavior of the more complicated models.

A summary of the main points is as follows:

1. The “simplest” walking model with only a point-mass at the hip exhibits two gait cycles, one of which is stable at small slopes. Both gait cycles extend to arbitrarily small slopes, and are therefore “perfectly efficient.” This model has a step length proportional to the cube root of the slope; power usage scales with (velocity)^4. An asymptotic analysis agrees with numerical simulation results at small slopes. The long-step gait exhibits period doubling bifurcations to chaotic gait as the slope is varied.

2. More general models with and without knees can also have up to two gait cycles, one of which can be stable. In general, these models will not be able to walk at arbitrarily small slopes. We present mass distribution conditions for perfect walking efficiency. These “tuned” walkers retain one of the cube-root-scaling gaits, but the other gait, which is always unstable, has a step length proportional to the slope at very small slopes. A period-doubling route to chaos is also numerically-demonstrated for a tuned kneed walker. Some data is also presented from a working physical walker.

3. In 3-D, planar 2-D gaits still exist but are unstable. A torsional spring at the hip of a 3-D model improves its stability somewhat. Automated gradientbased parameter searches to minimize the maximum eigenvalue terminate at local minima; no stable 3-D walking gaits were found for our model. We conclude that this model is not sufficient to explain the stability of the walker of Coleman and Ruina (1998).

Biographical Sketch

Mariano was born on November 11, 1971 to Alfredo Mariano Garcia, M.D. Ph.D., and Natalia Gabrusewycz Garcia, Ph.D., at Crouse-Irving Memorial Hospital in Syracuse, NY. During nearly all of his childhood, he lived on Loomis Hill Road (since renamed to Stevens Road), at the top of Vesper Hill in the town of Tully, New York, where he developed a love for trees, tractors, snowplows, blizzards, and country life in general.

After schooling at Tully Elementary and Christian Brothers Academy in Syracuse, Mariano attended the Sibley School of Mechanical and Aerospace Engineering at Cornell University in Ithaca, NY, and graduated in June 1993 with a BS in Mechanical Engineering, and remained as a graduate student to pursue his PhD. After his advisor, Jeff Koechling, left Cornell, Mariano transferred to the Department of Theoretical and Applied Mechanics, and continued to pursue his PhD under the guidance of Andy Ruina in the Human Power, Biomechanics, and Robotics Lab at Cornell.

Mariano defended his thesis in November of 1998, and plans to pursue postdoctoral work in the Department of Integrative Biology at the University of California, Berkeley, starting in January 1999. While there, he plans to pursue his interests in multibody dynamics and simulations of biomechanical systems.

For the memory of my late grandfather Oleh, who never cared much for protocol and who felt that the best thing one could do with their life was to be a scientist, and for my father Alfredo Mariano; without his thoroughly irritating encouragement and advice, I would not have subjected myself to the insecurity of graduate school, and for my mother Natalia, who always placed my needs above her own, and for my wife Ellen, who binds my heart and head together and makes me complete.

Acknowledgements

There is almost nothing in this thesis that I can claim as uniquely mine; rather, the results and miniscule scientific contributions contained within are largely the products of collaborations with other people. For the most part, this means that other people supplied the theories and good ideas, while I sweated the details.

The most notable source of vision was my advisor, Andy Ruina. I owe him a great deal of thanks for taking me under his wing and allowing me to soak up some of his knowledge and insight.

The most notable source of enthusiasm was Anindya Chatterjee, who helped me with the analytic work on the point-foot walker and was a constant source of insight and knowledge into numerical methods.

The most notable sources of support were my wife Ellen, my fellow graduate student Mike Coleman, and my parents. Everyone was always there when I needed them the most, and always made time for me even though I did not always do the same for them. Mike was very supportive from the day I walked in the department and didn’t know which way was up. Ellen has been a great companion and I look forward to a lifetime together with her. My parents have given me more than I can hope to repay.

I would also like to thank my committee members, professors Moon and Bartel, for their time spent in discussions with me and for their guidance, and Professor Koechling, for his brief stint as my advisor.

For much of the work in Chapter 3, I was funded by a graduate fellowship from the National Science Foundation. Thanks to Steve Strogatz for discussions about the chaotic walking motions of our mechanism and to an anonymous reviewer for a joke idea in the text of Chapter 3.

For some of the work in Chapter 4, I was again supported by an NSF graduate fellowship. Thanks to John Camp, Mario Gomes, Lanise Baidas and many other undergraduates who participated in various parts of this research, to Mike Coleman for many informative discussions throughout, and to Harry Dankowicz for pointing out the knee unlocking torque in one of our solutions.

The last remaining kudo goes to Tad McGeer and all the students and faculty who have contributed to the field of walking robots.

Table of Contents

1 Introduction 1 1.1 A Passive-Dynamic Approach . . . . . . . . . . . . . . . . . . . . . 2 1.2 Passive Dynamic Walking Machines . . . . . . . . . . . . . . . . . . 4 1.2.1 Taxonomy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2.2 Wheels, etc. . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2.3 Rimless Wheel In Two And Three Dimensions . . . . . . . . 6 1.2.4 Straight-Legged Walkers In 3-D . . . . . . . . . . . . . . . . 7 1.2.5 Notable Features Of These Machines . . . . . . . . . . . . . 9 1.3 Other Relevant Walking Research . . . . . . . . . . . . . . . . . . . 10 1.4 Potential Impact And Biomedical Relevance . . . . . . . . . . . . . 12 1.4.1 Critique Of Passive Walkers As Human Models . . . . . . . 15 1.5 Outline Of This Thesis . . . . . . . . . . . . . . . . . . . . . . . . . 16

2 McGeer’s Recipe For Walking Analysis 18 2.1 Summary Of Procedure . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.2 Preliminaries: Model Assumptions . . . . . . . . . . . . . . . . . . . 20 2.3 Derivation of Equations of Motion for Linked Rigid Bodies . . . . . 21 2.3.1 Configuration Angles And Reference Frames . . . . . . . . . 22 2.3.2 Dynamics Algorithm . . . . . . . . . . . . . . . . . . . . . . 25 2.3.3 Adapting the Algorithm to Other Models . . . . . . . . . . . 28 2.3.4 Form Of Equations Of Motion . . . . . . . . . . . . . . . . . 32 2.4 Numerical Integration of Equations of Linked Rigid Bodies . . . . . 34 2.4.1 On-Line Scheme for the Swing Phase . . . . . . . . . . . . . 35 2.5 Collision Calculations . . . . . . . . . . . . . . . . . . . . . . . . . . 39 2.5.1 Getting Onto The Poincaré Section . . . . . . . . . . . . . . 40 2.5.2 Kneestrike in 2-D . . . . . . . . . . . . . . . . . . . . . . . . 41 2.5.3 Heelstrike in 2-D . . . . . . . . . . . . . . . . . . . . . . . . 45 2.5.4 Heelstrike in 3-D . . . . . . . . . . . . . . . . . . . . . . . . 47 2.5.5 A Shortcut for K and H . . . . . . . . . . . . . . . . . . . . 52 2.6 The Walking Map Or Stride Function . . . . . . . . . . . . . . . . . 53 2.7 Gait Cycles: Fixed Points of the Map . . . . . . . . . . . . . . . . . 55 2.8 Searching For Gait Cycles . . . . . . . . . . . . . . . . . . . . . . . 57

2.8.1 Finding Zeros of the Difference Function g . . . . . . . . . . 57 2.9 Stability of the Gait . . . . . . . . . . . . . . . . . . . . . . . . . . 59 2.9.1 Relationship Between J And^∂g_{∂`} in 2-D . . . . . . . . . . . . 61 2.9.2 Relationship Between J And^∂g_{∂`} in 3-D . . . . . . . . . . . . 61 2.10 Other Gait Characteristics . . . . . . . . . . . . . . . . . . . . . . . 61 2.11 A Graphical Summary . . . . . . . . . . . . . . . . . . . . . . . . . 62 2.12 Parameter Variations: Embedding the Loop . . . . . . . . . . . . . 63 2.12.1 Reality Checks . . . . . . . . . . . . . . . . . . . . . . . . . 64 2.12.2 Example: Constructing a Working Kneed Walker . . . . . . 64 2.13 How Crucial Is Stability? . . . . . . . . . . . . . . . . . . . . . . . . 68 2.13.1 Mild Instability Seems Acceptable . . . . . . . . . . . . . . . 68 2.13.2 Stabilizing Unstable Limit Cycles is Easy . . . . . . . . . . . 69 2.13.3 Unstable Period-1 Gaits Don’t Always Lead to Falls . . . . . 69 2.14 Some Notes On Building A Physical Model . . . . . . . . . . . . . . 70 2.14.1 Construction . . . . . . . . . . . . . . . . . . . . . . . . . . 70 2.14.2 Creating Dynamically Equivalent Legs . . . . . . . . . . . . 88

3 The Simplest 2-D Walker 94 3.0.3 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 3.2 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 3.3 The Walking Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 3.3.1 Outline of Procedure . . . . . . . . . . . . . . . . . . . . . . 98 3.3.2 Equations of Motion for the Swing Phase . . . . . . . . . . . 100 3.3.3 Transition Rule at Heelstrike Collision . . . . . . . . . . . . 101 3.4 Analysis of the Model . . . . . . . . . . . . . . . . . . . . . . . . . . 103 3.4.1 Numerical and Analytic Tools . . . . . . . . . . . . . . . . . 103 3.4.2 Finding Period-One Gait Cycles and Step Periods . . . . . . 104 3.4.3 Gait Cycle Stability . . . . . . . . . . . . . . . . . . . . . . . 105 3.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 106 3.5.1 Typical Period-One Gait Cycles . . . . . . . . . . . . . . . . 106 3.5.2 Passive Dynamic Limping . . . . . . . . . . . . . . . . . . . 110 3.5.3 Period Doubling and Passive Dynamic Staggering . . . . . . 110 3.5.4 Energetic Cost of Locomotion . . . . . . . . . . . . . . . . . 113 3.5.5 Energy Dissipation and Stability . . . . . . . . . . . . . . . 116 3.6 Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . . . . 117 3.7 Simplest Walker Appendices . . . . . . . . . . . . . . . . . . . . . . 118 3.7.1 Appendices Appearing In The Original Paper . . . . . . . . 118 3.7.2 Additional Figures And Text Not Contained In The Paper . 125

4 More General 2-D Walkers 132 4.0.3 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

4.2 Passive Dynamic Walking Machines . . . . . . . . . . . . . . . . . . 134 4.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 4.3.1 McGeer’s Recipe . . . . . . . . . . . . . . . . . . . . . . . . 140 4.3.2 Reality Checks . . . . . . . . . . . . . . . . . . . . . . . . . 142 4.3.3 Measures Of Performance . . . . . . . . . . . . . . . . . . . 144 4.3.4 Kinetic Energy Lost In Plastic Collisions Of Walkers . . . . 147 4.4 The Simplest Walking Model . . . . . . . . . . . . . . . . . . . . . . 149 4.5 More Complex Walking Models . . . . . . . . . . . . . . . . . . . . 151 4.5.1 Straight-Legged Pointfoot Walker With Finite Foot Mass . . 151 4.5.2 Generic Kneed And Straight-Legged Models . . . . . . . . . 154 4.6 Walking At Near-Zero Slopes . . . . . . . . . . . . . . . . . . . . . 157 4.6.1 Necessary Mass Distribution Conditions For Efficient Walking 157 4.6.2 Tuning Mass-Distribution For Near Zero-Slope Walking . . . 159 4.6.3 Energy And Scaling For Near-Zero-Slope Walking . . . . . . 165 4.7 Chaos In Tuned Kneed Walkers . . . . . . . . . . . . . . . . . . . . 168 4.8 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 170 4.9 Appendix Of Additional Plots And Tables . . . . . . . . . . . . . . 172 4.10 Appendix Of General 2-D Equations . . . . . . . . . . . . . . . . . 176 4.10.1 Defining Parameters . . . . . . . . . . . . . . . . . . . . . . 176 4.10.2 Defining Structural Constants . . . . . . . . . . . . . . . . . 180 4.10.3 Defining Some Functions . . . . . . . . . . . . . . . . . . . . 183 4.10.4 Kneed Closed-Form Equations . . . . . . . . . . . . . . . . . 183 4.10.5 Kneed On-Line Equations . . . . . . . . . . . . . . . . . . . 186 4.10.6 On-Line Kneestrike Equations . . . . . . . . . . . . . . . . . 189 4.10.7 Straight-Legged Closed-Form Equations . . . . . . . . . . . 192 4.10.8 On-Line Heelstrike Equations . . . . . . . . . . . . . . . . . 194

5 Passive Dynamic Walking in 3D 199 5.1 The 3D Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 5.1.1 Some Comments on Eigenvalues . . . . . . . . . . . . . . . . 201 5.1.2 Parameterization of I_{cm} . . . . . . . . . . . . . . . . . . . . 204 5.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207 5.2.1 One-Parameter Searches Near McGeer’ Parameters . . . . . 208 5.2.2 A Gradient Search Algorithm . . . . . . . . . . . . . . . . . 216 5.3 Conclusions And Future Work . . . . . . . . . . . . . . . . . . . . . 223 5.4 Appendix Of Straight-Legged 3-D Equations . . . . . . . . . . . . . 225 5.4.1 Initialization File . . . . . . . . . . . . . . . . . . . . . . . . 225 5.4.2 Cross-Product Function . . . . . . . . . . . . . . . . . . . . 227 5.4.3 On-Line ODEs . . . . . . . . . . . . . . . . . . . . . . . . . 227 5.4.4 On-Line Heelstrike Equations . . . . . . . . . . . . . . . . . 234

List of Tables

2.1 Summary of relevant parameters and characteristics for initial kneed model that didn’t work, labelled “original”, and various stages of modification, until we arrived at a working set of parameters, labelled “final”. The parameters m_t, r_t, and c_t are shown in Figure 2.13. The gait characteristics “max eig”, “min cl”, “min k trq”, and “hstr imp” are the largest eigenvalue in modulus, the minimum foot clearance during the gait, the minimum locking torque on the stance knee during gait, and the impulsive torque on the new stance knee at heelstrike, respectively. The gait characteristics are based on simulation results. Parameters that are not shown are the same as those listed in the caption of Figure 4.3. Base units are kilograms, meters, and radians. . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.1 Summary of analytic results for the first two period-one fixed points of the walking map for the simplest walker. . . . . . . . . . . . . . 124

4.1 Parameters for several tuned walkers in any consistent units. Only C has knees. Straight-legged walkers A, B, D, and E have redundant parameters since the shank and thigh are rigidly connected. m_t and m_s are the thigh and shank masses. For B, D, and E m_s is a pointmass at the bottom of the foot. . . . . . . . . . . . . . . . . . . . . 163 4.2 Predictions from simulation shown compared to data from videotape. Data was taken from successful walks down the entire length of a sixteen-foot ramp; generally the walker was allowed about three steps to converge onto its limit cycle and data from the last five or six steps were recorded and averaged. Below slopes of about 0.035, no gaits were found due to foot scuffing. . . . . . . . . . . . . . . . 175

5.1 Some eigenvalues and corresponding eigenvectors from McGeer (1991).

This data is for the gait of Figure 5.3. θ_C , ϕ, and ψ are the stance pitch, lean, and yaw (steering) angles respectively (ϕ and ψ have their order and meaning switched as compared with our variables in Table 5.2). Although it is unclear in the text, ω_x, ω_y, and Ω_F appear to be the angular rates of the walker about Mcgeer’s global x, y, and z axes, while Ω_C appears to be the angular rate of the swing leg relative to the the stance leg (about the hip axis z_c). These eigenvalues do not fully agree with our calculations. . . . . . . . . . . . . . . . 212 5.2 Eigenvalues and corresponding eigenvectors for our simulation of the walker of McGeer (1991). The eigenvalues do not completely agree with McGeer’s values (see above text), but are in agreement with independent simulations by Coleman (1998a). The eigenvalue near one indicates quasi-neutral stability in heading. The eigenvalue of zero is expected because the Poincaré section reduces the dimension of the phase space by one at the section. . . . . . . . . . . . . . . . 213

List of Figures

1.1 Taxonomy of passive-dynamic walking models. The key explains which models were studied in depth by McGeer, Coleman, and/or Garcia. This figure is also used by Coleman (1998b). . . . . . . . . 5

2.1 A simple linkage. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.2 2-D kneed walker with (a) directions and angles, and (b) vectors defined. In the straight-legged version, θ_3 ≡ 0. To convert to McGeer’s usual 2-D angle convention in his figures, θ_{stance} = −θ_1, θ_{thigh} = π − θ_1 − θ_2 − ε_T , and θ_{shank} = θ_{thigh} − θ_3 + ε_K . . . . . . . 24 2.3 3-D walker with (a) directions and angles, and (b) vectors defined.

To convert to McGeer’s usual 3-D angle convention in his figures, ψ = −θ_1, ϕ = π/2 − θ_2, θ_{stance} = θ_3, and θ_{swing} = θ_3 + θ_4 − π . . . 25 2.4 Free body diagrams of the two outermost links. Gravity is shown on the FBDs but can be accounted for in the algorithm by simply accelerating the base link upwards by g, so it does not enter explicitly into each force and torque balance. . . . . . . . . . . . . . . . . . . 28 2.5 Free-body diagram of the stance leg for a walker with circular feet. 30 2.6 Free-body diagram of the stance leg for a 3-D walker with disk feet. 32 2.7 Free-body diagrams of (a) the entire walker and (b) the swing leg, each showing the impulses acting at the instant of collision. Angular momentum is conserved at this instant for the whole walker about the stance foot contact point, and for the swing leg about the hip. 43 2.8 Free-body diagrams of (a) the entire walker, (b) the former stance leg (new swing leg), and (c) the former stance shank (new swing shank) showing the impulses acting at the instant of collision. Angular momentum is conserved at this instant for the whole walker about the new stance foot contact point, for the new swing leg about the hip, and for the new swing shank about the new swing knee. . . . . 46 2.9 Diagrams showing (a) how angles are defined immediately after heelstrike, and (b) how the vectors^3p_4,^3p^c_3, and^4p^c_4 are defined after heelstrike. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.10 Free-body diagrams of (a) the entire walker and (b) the former stance leg (new swing leg), showing the impulses acting at the instant of collision. Angular momentum is conserved at this instant for the whole walker about the new stance foot contact point, and for the new swing leg about the hip axis. . . . . . . . . . . . . . . . . . . 51 2.11 One evaluation of f. Time is shown on the horizontal axis, while the phase space variables are represented by the other axes. In general, the phase space can be multi-dimensional but in the plot, it is only two-dimensional. The step period is denoted by τ. . . . . . . . . . 55 2.12 Schematic of a generic stride function evaluation from^i`^+ to^{i+1}`^+ and a limit cycle and fixed point `^� (in gray). Kneestrikes may also be seen as discontinuities during the cycle. Summary of jargon is provided in the text boxes. This figure is based on a similar one in Coleman (1998b). . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 2.13 Our description of McGeer’s kneed walking model. Shown above are (a) model parameters, and (b) dynamic variables. Radii of gyration and masses of thigh and shank are denoted by r_t, m_t, r_s, and m_s, respectively. The foot is a circular arc centered at the “+”. ϵ_T is defined to be the angle between the stance thigh and the line connecting the hip to the foot center. Dynamic variable values θ_{st}, θ_{th}, and θ_{sh} are measured from ground-normal to lines offset by ϵ_T from their respective segments. A stop (not shown) at each knee prevents hyperextension of either knee. In straight-legged models, the knee is locked. . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 2.14 Our passive dynamic walker walking down a shallow ramp in the Ruina lab. The double leg-set constrains motions to a plane. The simulation shown in Figure 4.3 uses parameters measured from this walker. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 2.15 A complete schematic of the physical kneed walker with various parts labelled. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 2.16 A CAD drawing of the inner and outer hip joints. . . . . . . . . . . 73 2.17 CAD details of the inner hip joint. This piece is machined from an aluminum block. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 2.18 CAD details of the outer hips (plugs). These pieces are machined from aluminum block. . . . . . . . . . . . . . . . . . . . . . . . . . 75 2.19 CAD details of the shanks, thighs, and top hip bar. All of the parts in this drawing are made from 1 inch square tubing with 0.125 inch wall thickness. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 2.20 CAD overview of the knee joints. . . . . . . . . . . . . . . . . . . . 78 2.21 CAD details of the upper knees. All parts are machined from aluminum block. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 2.22 CAD details of the lower knees. All parts are machined from aluminum block. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

2.23 Side view of the thigh showing details of the suction-cup mechanism. 82 2.24 Front view of CAD details of the knee plates. They are machined from 0.25 inch thick aluminum plate. . . . . . . . . . . . . . . . . . 83 2.25 CAD details of the knee plate extensions. They are cut from square aluminum tube. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 2.26 CAD details of the knee plate spacers. They are machined from delrin blocks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 2.27 CAD details of the foot holders. They are machined from aluminum block. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 2.28 CAD details of the feet. They are cut from 0.25 inch thick aluminum plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 2.29 A) Two bodies with similar but unequal mass distribution. Each has mass M, cm location c, and moment of inertia about its cm I. B) Mass m_1 = M_2 − M_1 is added to body 1 a distance l_2 from the hinge point so that each body has an overall center of mass located at c^�_1 = c^�_2 = c_2. C) Two masses m_2/2 added to body 2, each at a distance l_2 from the center of mass of body 2 so that the overall moments of inertia of the bodies are equal, I^�_1 = I^�_2 . D) Mass m_2 is then added to body 1 so that the overall masses of the two bodies are equal, M^�_1 = M^�_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.1 A typical passive walking step. The new stance leg (lighter line) has just made contact with the ramp in the upper left picture. The swing leg (heavier line) swings until the next heelstrike (bottom right picture). The top-center picture gives a description of the variables and parameters that we use. θ is the angle of the stance leg with respect to the slope normal. ϕ is the angle between the stance leg and the swing leg. M is the hip mass, and m is the foot mass. l is the leg length, γ is the ramp slope, and g is the acceleration due to gravity. Leg lines are drawn with different weights to match the plot of Figure 3.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 3.2 Leg angles versus time over one step at a long-period gait cycle. At a gait cycle, heelstrike returns the system to its initial conditions. A perturbation analysis (Appendix 3.7.1) predicts θ^� ≈ C_1γ^{1/3} + C_2γ, where θ^� is the stance angle at a fixed point. The first term of the perturbation solution also predicts that ϕ̇ = 0 just before and after heelstrike, and that the graph should have the time reversal symmetry (the graph looks the same when rotated 180 degrees). . . 107 3.3 Numerical vs. analytic predictions for point-foot stance angle at fixed point as a function of slope. The short-period analytic solution is θ^� ≈ 0.943976γ^{1/3} − 0.264561γ. The long-period analytic solution is θ^� ≈ 0.970956γ^{1/3} − 0.270837γ, where θ^�is the stance angle at a fixed point. The inset box is shown expanded in Figure 3.6. . . . . 108

3.4 Comparison of analytic and numerical stability predictions for long and short period-one gait. The inset shows an expanded view of the numerical verification of the analytically-predicted split at γ ≈ 0.00014 (upper left corner) for the long-period gait. . . . . . . . . . 109 3.5 Several walker steps during a limping (period-two) gait. The walker’s legs are symmetric, but the gait is not. . . . . . . . . . . . . . . . . 111 3.6 Period doubling of stable walking motions, inset from Figure 3.3.

Unstable period-one cycles are shown for reference. Note that the line weights are opposite to the usual convention; dotted lines represent stable cycles while solid lines represent unstable ones. No persistent walking was found at slopes much steeper than 0.019 radians. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 3.7 Poincaré section during chaotic walking motions, γ = 0.0189. Using 30,000 points, we calculate the box-counting dimension of the attractor to be about 1.25. . . . . . . . . . . . . . . . . . . . . . . 114 3.8 A plot of the function z(τ_0) showing locations of the zero-crossings.

There are infinitely many more zero crossings for τ_0 > 4 representing multiple-swinging solutions. . . . . . . . . . . . . . . . . . . . . . . 126 3.9 Angles vs. time for a double-swinging gait. . . . . . . . . . . . . . 127 3.10 Analytically-predicted and numerically-evaluated step periods for short and long period gaits. . . . . . . . . . . . . . . . . . . . . . . 128 3.11 A 2D projection of the return map at γ = 0.0189. The line θ_i = θ_{i+1} is shown for reference. . . . . . . . . . . . . . . . . . . . . . . . . . 129 3.12 Evolution of the attractor at several slopes. . . . . . . . . . . . . . 130 3.13 Inset of lower portion of attractor showing foliated structure. . . . 131

4.1 Our description of McGeer’s kneed walking model. Shown above are (a) model parameters, and (b) dynamic variables. Radii of gyration and masses of thigh and shank are denoted by r_t, m_t, r_s, and m_s, respectively. The foot is a circular arc centered at the “+”. ε_T is defined to be the angle between the stance thigh and the line connecting the hip to the foot center. Dynamic variable values θ_{st}, θ_{th}, and θ_{sh} are measured from ground-normal to lines offset by ε_T from their respective segments. A stop (not shown) at each knee prevents hyperextension of either knee. In straight-legged models, the knee is locked. . . . . . . . . . . . . . . . . . . . . . . . . . . . 136 4.2 Strobe photo of our passive dynamic walker walking down a shallow ramp in our lab. The double leg-set constrains motions to a plane. The simulation we show in Figure 4.3 uses the parameters measured from this walker. Photo by R. Pratap. . . . . . . . . . . . . . . . . 137

4.3 Simulated gait cycle (ours, similar to McGeer’s). Angles of leg segments are shown from just before a heelstrike to just after the next heelstrike in a steady stable gait of the walker in Figure 4.1. The heavy line corresponds to the motion of the heavy-line leg on the small cartoon under the graph. At the start of the step, this is the stance leg, but it becomes the swing leg just after the first heelstrike shown, and again becomes the stance leg after the second heelstrike shown. In general, the angular velocities of the segments have discontinuities at kneestrike and heelstrike, which would appear as kinks in the trajectories above, but they do not happen to be prominent here. The strobe-like picture of the walker simulation shows the anthropomorphic nature of the gait; it was created from the simulated gait cycle in the graph. Measured human data (including trunk, with a smaller scale and a longer stride) from Winter (1987) is shown to the right. The parameters used in the simulation are those of the working physical model in Figure 4.2. The dimensional parameters are as follows: l_t = 0.35m, w_t = 0m, m_t = 2.345kg, r_t = 0.099m, c_t = 0.091m, l_s = 0.46m, w_s = 0.025m, m_s = 1.013kg, r_s = 0.197m, c_s = 0.17m, R = 0.2m, γ = 0.036rad, g = 9.81m/s^2, ε_T = 0.097rad. 139 4.4 Close to heelstrike, the x and y coordinates of any point on the foot relative to any point on the ground can be used as generalized coordinates to describe the configuration of the walker. Since we are examining a known gait cycle, these points can be chosen to be the points at which contact will occur at heelstrike. l is the distance between the foot center and the hip. . . . . . . . . . . . . . . . . . 148 4.5 Scaling transition comparison for two point-foot walkers. Data for walker E is shown again in Figure 4.9. Parameters for walker E are shown in Table 4.1. Walker F has a foot mass of 0.05 and a hip mass of 0.9. At large ground-slopes (γ ≫ ρ^{3/2}), the walker stance angles and velocities scale as γ^{1/3}. The predicted critical slopes for walkers E and F are shown at the bottom of the plot. Above these slopes, we expect the stance angle to be proportional to the cube root of the ground-slope. The ratio of the two critical slopes is nearly identical to the ratio of the intersections of the two best-fit lines in the linear scaling regimes with a cube-root scaling line. The solution curves for the “simplest” walker would show as parallel lines more or less on top of the upper curves in this figure. Note that the “×” symbol used here refers to data from a different walker than in Figure 4.9. See Figure 4.11 for a similar plot of step velocity versus slope for the above walkers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

4.6 Numerically-calculated locus of solutions showing stance angle as a function of ground-slope for our physical kneed walking model (solid line) and for the same model but with the knees locked (dashed line) at fixed points. The thick portion of the solid line denotes stable solutions for the kneed walker. Figure 4.12 is a similar plot but with velocity replacing stance angle. . . . . . . . . . . . . . . . 155 4.7 To walk at arbitrarily shallow ground-slopes, a walker must allow a static standing solution at zero slope with the stance leg locked, the swing leg unlocked, the legs parallel, and the hip directly above the foot contact. These conditions are shown graphically for (a) a straight leg, and (b) kneed walker. . . . . . . . . . . . . . . . . . . 159 4.8 Solution families during de-tuning of the tuned kneed walker. Subplot (a) shows the perfectly tuned walker with solutions extending to zero slope. Subplots (b), (c), and (d) show the solution curves no longer meeting at low slope. Subplot (e) shows the solutions merging and splitting into two solution regions, and subplot (f) shows the (100 % detuned) original lab walker of Figure 4.6. Presumably, the higher-slope solutions are also present but not visible on subplot (f). 161 4.9 Gait families for tuned zero-slope-capable walkers on (a) a linear plot, and and (b) a log-log plot. Parameter values are listed in Table 4.1. By “gen. mass. dist.” it is meant that the parameters are close to those of the kneed walker of Figure 4.3. Note (1) there are two gaits cycles at each γ for all walkers shown; (2) for the “simplest” walker (D) both step lengths are proportional to γ^{1/3}; (3) the shortstep gaits of the other walkers have step lengths proportional to γ for small γ; (4) the long-step gaits for the other walkers have step lengths that are much longer than for the short-step gaits, though not necessarily exactly proportional to γ^{1/3} for small γ; and (5) for a point-foot, straight-legged walker with non-negligible foot mass, the step length of the long-step gait is proportional to γ^{1/3} for small γ. Figure 4.13 is a similar plot but with step velocity instead of stance angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 4.10 Period doubling of stable kneed walking motions. Only stable walking motions are shown, although all periodic gaits persist as unstable gait cycles after they undergo period-doubling. The parameters are those of the tuned kneed walker (C) in Table 4.1. . . . . . . . . . . 169

4.11 Scaling transition comparison for two point-foot walkers. Data for walker E is shown again in Figure 4.9. Parameters for walker E are shown in Table 4.1. Walker F has a foot mass of 0.05 and a hip mass of 0.9. At large ground-slopes (γ ≫ ρ^{3/2}), the walker stance angles and velocities scale as γ^{1/3}. The predicted critical slopes for walkers E and F are shown at the bottom of the plot. Above these slopes, we expect the velocity to be proportional to the cube root of the ground-slope. The ratio of the two critical slopes is nearly identical to the ratio of the intersections of the two best-fit lines in the linear scaling regimes with a cube-root scaling line. The solution curves for the “simplest” walker would show as parallel lines more or less on top of the upper curves in this figure. Note that the “×” symbol used here refers to data from a different walker than in Figure 4.9. 173 4.12 Numerically-calculated locus of solutions showing step velocity as a function of ground-slope for our physical kneed walking model (solid line) and for the same model but with the knees locked (dashed line) at fixed points. The thick portion of the solid line denotes stable solutions for the kneed walker. . . . . . . . . . . . . . . . . . 174 4.13 Gait families for tuned zero-slope-capable walkers on (a) a linear plot, and and (b) a log-log plot. Slope is plotted against average step velocity. Parameter values are listed in Table 4.1. By “gen. mass. dist.” it is meant that the parameters are close to those of the kneed walker of Figure 4.3. Note that there are two gaits cycles at each γ for all walkers shown. . . . . . . . . . . . . . . . . . . . 176

5.1 McGeer’s 3D passive-dynamic walking model: parameters and configuration variables. Like McGeer’s 2D straight-legged model, it has two identical straight legs and semi-circular feet. Orientation of the stance leg relative to the ground frame is determined by the heading(ϕ), bank(ψ), and pitch(θ) sequence of rotations about the axes indicated. The swing and stance legs have the same heading and roll angles, but can pitch independently. The leg mass is m_l and has location Δx, Δy, and c (with respect to the stance leg frame) and the leg coordinates are aligned with its principal moments of inertia. The radii of gyration are r_{gyrx} , r_{gyry} , and r_{gyrz} . The hip has only a point mass, m_T . The radius of curvature of the feet is R. This figure is used with permission from Coleman (1998b). . . . . . 200 5.2 Parameterization of the moment of inertia matrix, based on an illustration from Coleman (1998b). The inertia matrix is described by the distances d_1, d_2, d_3 and angles α_x, α_y, α_z. . . . . . . . . . . . . . 205 5.3 Three-dimensional passive cycle, as calculated for a straight-legged biped having legs separated by 15% of leg length. The slope is 0.032; Other parameters are shown on the right side of the plots. (Used with permission from McGeer (1991); also in Coleman (1998b)) . . 209

5.4 Leg angles as functions of time for our version of McGeer’s walker.

The angles plotted are meant to match those in figure 5.3. Parameters are the same as those of McGeer’s walker. . . . . . . . . . . . . 210 5.5 McGeer’s data: step period, slope, and eigenvalue moduli at each fixed point, shown as a function of hip spacing for his walker parameters. z_1 and z_2 are the largest and second-largest eigenvalue moduli, respectively. Along the curves, the stance angle is constant. (Reprinted with permission from McGeer (1991). Also reproduced by Coleman (1998b)). . . . . . . . . . . . . . . . . . . . . . . . . . 214 5.6 Eigenvalue modulus and stability ratio at each fixed point shown as a function of slope γ, hip spacing h, and foot radius R for McGeer’s walker. In each plot, except for the parameter varied, the parameter values are the same as those in Figure 5.3. . . . . . . . . . . . . . . 215 5.7 Eigenvalue modulus and stability ratio, at each fixed point shown as a function of x-position of the center of mass, y-position of the center of mass, and z-position of the center of mass of the leg. In each plot, except for the parameter varied, the parameter values are the same as those shown in Figure 5.3. . . . . . . . . . . . . . . . 217 5.8 Eigenvalue modulus and stability ratio at each fixed point shown as a function of the torsional hip spring stiffness, and hip and steering damper coefficients. In each plot, except for the parameter varied, the parameter values are the same as those shown in Figure 5.3. . 218 5.9 Graphical description of constraining the search algorithm to avoid areas of high condition number. . . . . . . . . . . . . . . . . . . . . 220 5.10 A local minimum of maximum eigenvalue with respect to six parameters. This was found by application of a gradient search routine beginning with McGeer’s original parameters plus a torsional hip spring. Parameters for this case are as follows: R = 0.3, γ = 0.032, h = 0.15,^3p^c_3 = [0.38; −0.004 − 0.015], d_1 = 0.562244, d_2 = 0.072705, d_3 = 0.070994, α_x = −1.521920, α_y = −0.044393, α_z = 0.159859, and the torsional hip spring coefficient is 0.54. . . . 222